0. Every field extension L over K gives rise to a spread together with a system of subsets called chains. Provided that K is in the centre of L these spreads and chains were investigated thoroughly within the wider concept of chain geometries: It is well known that through every point of a subspace belonging to a chain there goes a transversal line of this chain. So every chain is a Segre-manifold (regulus). See [5] for a survey of this topic.
In the present paper we investigate how things will alter when K is not necessarily a part of the centre of L.
1. For any vector space V over a (not necessarily commutative) field K, denote by PK(V) the projective space on V. The same notation will be used for any subspace of V.
Let L be a field. The projective line over L is given by PL(LsL)t=:tPL. If Kt$tL is a subfield of L, then the chains of PL (with respect to K) are the images of the standard chain {(k0,k1)L|(0,0)$(k0,k1)eK*K} under the projective group PGL(PL). Cf. [1, 320] .
Regarding LsL as a right vector space over K yields the projective space PK(LsL)t=:tPK. Every point (l0,l1)LtetPL gives rise to the subspace PK((l0,l1)L) of PK. All such subspaces form a spread S of PK. We shall write
Every chain of PL gives rise to a subset of S which will be called a chain likewise.
2. Every projectivity p of PL is induced by an L-linear f map of LsL. But f is also K-linear, so that PGL(PL) corresponds to a group of automorphic ! ! projective collineations of S which operates 3-fold transitively on S and hence transitively on the set C of all chains in S. Therefore it is sufficient to discuss the geometrical properties of the standard chain c, say.
A Let atetK and a KatCtK. Then ja restricted to K is an isomorphism va of K onto a subfield of K. Clearly, va is linear when K is regarded as a right vector space over fix(va)t:=t{yeK|va(y)=y}. Provided that the right degree of K over fix(va) is finite, va turns out to be surjective or, in other words, an projectively linked with k, whence vatetAut(K), yt9Lta ya is inner. We deduce from theorem 3 and Tt=tU that K is isomorphic to ZK(K). Therefore K is commutative and vat=tidK. Thus K lies in the centre of L, as required.5
. Denote by A the join of W with any point (a,0)KtetU and put At:=tA\W. We define a map r!:!S\{W}tLtA, Xt9LtAnX.
( ) -1 In algebraic terms we have PK (l0,l1)L t9Lt(a,l1l0 a)K, whence r is a 9 0 bijection. Note that A is an affine space whose parallelism is given by W as hyperplane at infinity. Obviously A is isomorphic to the affine space on the vector space L over K. transversal line of c passing through (a1,0)K. We obtain a1 Ka1t=tK by theorem 1.
-1 (b) Suppose that a1 Ka1t=tK. The bijection b01 maps (1,l)KtetA0 to (a,la)K. But lt(!e!L)t9Ltla1t(!e!L) is K-semilinear, so b01 is affine.P Clearly the affine structure of A can be re-transferred to S\{W}. This gives a residual affine space of (S,C). We read off from theorem 5 that this affine structure on S\{W} is uniquely determined by W together with one chain k through W such that k\{W} is an affine line.
When K is commutative and the right degree of L over K is finite, say r+1, then a point model of (S,C) may be found on a Grassmannian manifold. The map r can be extended to all r-dimensional subspaces of PK whose intersectioñ with A is precisely one point. Up to a projective collineation this extension of r equals the product of the Grassmann map g with a suitable projection of the Grassmannian. The restriction of this projection to g(S) is "stereographic", since g(W) is the only point of g(S) without image. So the situation is similar to ordinary chain geometry; cf. Generalizing a terminology introduced in [4] we may say that the spread S is generated by the family k0i of collineations. (Cf. [6,pp.299 ] for a similar, but nevertheless different result on pappian spreads.) If we restrict the collineations k0i to the standard transversal line k, then we obtain a geometric description of the standard chain c. By transformation under automorphic collineations of S this description carries over to any chain of the spread S. Provided that K is in the centre of L, the conditions of theorem 6 are automatic and we have re-established the result that chains are Segremanifolds.
